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THREEFOLD
PAOLO CASCINI AND VLADIMIR LAZIC´
Abstract. We give a topological bound on the number of minimal models of a
class of three dimensional log smooth pairs of general type.
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1. Introduction
The aim of this paper is to prove that the number of log terminal models of
certain 3-dimensional complex terminal projective log smooth pairs is completely
determined by their underlying topology as complex manifolds.
The Minimal Model Program predicts that a complex projective manifoldX which
is not uniruled has a representative in its birational class with exceptional properties.
In other words, if KX is pseudoeffective, we can associate to X a minimal model – a
variety Y birational toX which admits a nef canonical divisor. Even though minimal
models of smooth projective threefolds are in general not smooth nor unique, their
singularities are classified [Mor85, Rei87] and moreover, the first author and D.-Q.
Zhang [CZ12] provided a topological bound on their singularities.
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It is an important and long-standing conjecture that the number of minimal mod-
els of a smooth projective variety is finite up to isomorphism. This is known for
projective varieties of general type [BCHM10], and for threefolds with positive Ko-
daira dimension [Kaw97]. Furthermore, Shokurov’s log geography [SC11] (which
uses the full Minimal Model Program) and the relative version of the Cone con-
jecture of Morrison and Kawamata [Kaw97] imply the conjecture in general, see
Theorem 2.14.
This paper represents the first attempt to bound the number of minimal models
of a given log smooth pair of dimension 3 with respect to the underlying topology
as a complex manifold. Our main result is the following.
Theorem 1.1. Let p and ρ be positive integers, and let ε be a positive rational
number. Let (X,
∑p
i=1 Si) be a 3-dimensional log smooth pair such that:
(i) X is not uniruled,
(ii) S1, . . . , Sp are distinct prime divisor which are not contained in B(KX +∑p
i=1 aiSi) for all 0 ≤ ai ≤ 1,
(iii) the divisors Si span DivR(X) up to numerical equivalence,
(iv) ρ(X) ≤ ρ and ρ(Si) ≤ ρ for all i = 1, . . . , p.
Let I be the total number of irreducible components of intersections of each two and
each three of the divisors S1, . . . , Sp.
There exists a constant C that depends only on p, ρ, ε and I such that for any
∆ =
∑p
i=1 δiSi with δi ∈ [ε, 1 − ε] and (X,∆) terminal, the number of log terminal
models of (X,∆) is at most C.
The proof is an easy consequence of our main technical result, Theorem 4.4 below.
Now, say that two log smooth pairs (X1,∆1) and (X2,∆2) are of the same topo-
logical type is there is a homeomorphism ϕ : X1 −→ X2 which is a homeomophism
between Supp∆1 and Supp∆2. Then we have the following corollary.
Corollary 1.2. Let ε be a positive number. Let X be the collection of all log smooth
3-fold terminal pairs (X,∆ =
∑p
i=1 δiSi) such that X is not uniruled, ε ≤ δi ≤ 1− ε
for all i, S1, . . . , Sp are distinct prime divisor not contained in B(KX +
∑p
i=1 aiSi)
for all 0 ≤ ai ≤ 1, and Si span DivR(X) up to numerical equivalence.
Then for every (X0,∆0) ∈ X there exists a constant N such that for every
(X,∆) ∈ X of the topological type as (X0,∆0), the number of log terminal mod-
els of (X,∆) is bounded by N .
These results lend strong support to a conjecture that the number of minimal
models of a smooth projective threefold is completely determined only by its topol-
ogy. This belief also has roots in other results in the field. According to philosophy
starting with [Kol86], vanishing and injectivity theorems in cohomology hold due
to topological reasons, and Kolla´r’s effective basepoint freeness gives bounds that
depend only on the dimension, see also the related Conjecture 2.17 below. The finite
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generation of adjoint rings can be proved only by using the Kawamata-Viehweg van-
ishing [CL12], and the number of minimal models of a given pair is closely related
to these rings [CL13, KKL12].
In the proofs we use the full force of the 3-dimensional MMP. Our main tools
are Shokurov’s log geography [Sho96] and the techniques involved in the proof of
termination of 3-fold flips. The log geography has played an important role in
studying the birational geometry of projective varieties: for instance, it was recently
used to prove the Sarkisov Program for Mori fibre spaces [HM13]. We believe that
a more accurate study of Fano threefolds combined with the results of this paper
will give a new insight on the classification of Fano threefolds [Cor09]. Furthermore,
our results combined with the Cone conjecture suggest that there is a topological
bound on the number of faces of the fundamental domain of the action of the group
of birational automorphisms on the movable cone of a Calabi-Yau manifold; in
particular, this relates to recent results on the Cone conjecture for Calabi-Yau log
surface pairs [Tot10].
Thus, our results are related to the following question:
Question 1.3. Let (X,
∑
Si) be a log smooth projective variety of dimension n,
where S1, . . . , Sp are distinct prime divisors, and let ε > 0 be a rational number.
Does there exist a constant M depending only on the topology of X,S1, . . . , Sp and
on ε such that the number of log terminal models of (X,B), where the coefficients
of B lie in the interval [ε, 1− ε], is bounded by M?
Note that this number is expected to be finite, cf. Theorem 2.13. We give a
positive answer to Question 1.3 in the case of surfaces in Theorem 3.5 below, and
this provides an effective version of the finite generation of adjoint rings on surfaces,
cf. Theorem 3.1, which generalises some of the results from [CZ12]. Furthermore,
our main result, Theorem 4.4, gives a positive answer to Question 1.3 in the case of
non-uniruled terminal threefold pairs (X,B) such that the prime divisors contained
in the support of B span DivR(X) up to numerical equivalence.
2. Preliminary results
We work over the field of complex numbers C. The size of a set S is denoted by
#S. We denote by R+ and Q+ the sets of non-negative real and rational numbers.
The notation N = N(a1, . . . , ak) means that the constant N depends only on the
parameters a1, . . . , ak.
2.1. Divisors, valuations and models. We first recall some standard definitions
[KM98, Laz04, BCHM10].
Let X be a normal projective variety and R ∈ {Z,Q,R}. We denote by DivR(X)
the group of R-divisors on X , and ∼R denotes R-linear equivalence of R-divisors.
If A =
∑
aiCi is an R-divisor on X , then ⌊A⌋ =
∑
⌊ai⌋Ci is the round-down of A.
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If X is a normal projective variety and if D is an integral divisor on X , we denote
by Bs |D| the base locus of D. If S is a prime divisor on X such that S * Bs |D|,
then |D|S denotes the image of the linear system |D| under restriction to S. If D is
an R-divisor on X , we denote
B(D) =
⋂
D∼RD′≥0
SuppD′,
and we call B(D) the stable base locus of D. If A is any ample divisor on X , then
B+(D) =
⋂
ε>0B(D − εA) is the augmented base locus of D, and we clearly have
B(D) ⊆ B+(D).
A log pair (X,∆) consists of a normal variety X and an R-divisor ∆ ≥ 0 such that
KX +∆ is R-Cartier. We say that (X,∆) is log smooth if X is smooth and Supp∆
has simple normal crossings. A projective birational morphism f : Y −→ X is a log
resolution of the pair (X,∆) if Y is smooth, Exc f is a divisor and the support of
f−1∗ ∆+ Exc f has simple normal crossings. A birational map f : X 99K Y between
normal projective varieties is a contraction if f does not extract a divisor.
Let f : X 99K Y be a birational contraction between normal projective varieties
and let D be an R-Cartier divisor on X such that DY = f∗D is also R-Cartier. Then
f is D-nonpositive (respectively D-negative) if for some resolution (p, q) : W −→
X × Y of f , we may write
p∗D = q∗DY + E,
where E ≥ 0 is q-exceptional (respectively E ≥ 0 is q-exceptional and SuppE
contains the strict transforms of all f -exceptional divisors).
A geometric valuation Γ on a normal variety X is a valuation on k(X) given by
the order of vanishing at the generic point of a prime divisor on some birational
model f : Y → X . If D is an R-Cartier divisor on X , by abusing notation we use
multΓD to denote multΓ f
∗D. In this paper, we do not distinguish between a prime
divisor on a birational model of X and the corresponding geometric valuation. In
this notation, if Γ is a prime divisor on Y , then cX(Γ) = f(Γ) is the centre of Γ on
X .
Given a log pair (X,∆) and a geometric valuation Γ, let f : Y −→ X be the
birational morphism such that Γ is a divisor on Y . The discrepancy a(Γ, X,∆) of
(X,∆) with respect to Γ is the coefficient of Γ in the divisor KY − f
∗(KX + ∆).
Discrepancies are used to define singularities of pairs that we use in this paper
(canonical, terminal, klt, log canonical, plt), see [KM98].
We will use the following lemma in Section 4.
Lemma 2.1. Let (X,
∑p
i=1 biSi) be a log smooth terminal threefold pair, where
S1, . . . , Sp are distinct prime divisors. Let
f : X 99K X ′
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be a birational contraction to a terminal threefold X ′. Let S ′i be the proper transform
of Si in X
′ for every i. Let Y be a smooth variety, let g : Y −→ X be a birational
morphism, and let E ⊆ Y be an (f ◦g)-exceptional prime divisor such that the centre
of E on X ′ is a curve. Then
(1) a
(
E,X ′,
p∑
i=1
biS
′
i
)
= a(E,X ′, 0)−
p∑
i=1
bimultE S
′
i,
where 0 < a(E,X ′, 0) < ρ(Y/X ′).
Proof. We easily calculate (1) and note that a(E,X ′, 0) is a positive integer since
X ′ is terminal. Let T ⊆ X ′ be a general ample surface, and let W be its proper
transform on Y . After possibly replacing X with a smaller open subset ofX , we may
assume that T ∩ cX′(E) is a smooth point of X
′. Then the induced map W −→ T
is a birational morphism and W is obtained from T by blowing up ρ(W/T ) times.
Let (p, q) : Z −→ Y ×X ′ be a resolution of f ◦ g. Then since T is general we have
T ′ := q∗T = q−1∗ T , and hence
KZ + T
′ = q∗(KX′ + T ) + Γ
for some q-exceptional divisor Γ ≥ 0. Restricting this equality to T ′ and pushing
forward to X , we obtain a(E,X ′, 0) = a(W ∩E, T, 0). Since T ∩cX′(E) is smooth, it
is easy to see from the discrepancy formulas that a(W ∩E, T, 0) ≤ ρ(W/T ). Finally,
observe that since T is general, ρ(W/T ) is bounded by the number of (f ◦ g)-
exceptional divisors on Y , hence it is bounded by ρ(Y/X ′). 
Lemma 2.2. Let (X,∆) be a canonical projective pair, and let f : X 99K Y be a
(KX +∆)-nonpositive birational contraction. Assume that f does not contract any
component of ∆, and let ∆Y = f∗∆.
Then (Y,∆Y ) is canonical. Additionally, if f is (KX +∆)-negative and (X,∆) is
terminal, then (Y,∆Y ) is terminal.
Proof. This follows easily from the definitions. 
The following result is inspired by [KM98, Proposition 2.36] and [AHK07, Lemma
1.5].
Lemma 2.3. Let (X,∆ =
∑p
i=1 aiSi) be a 3-dimensional log smooth terminal pair
with 0 < ai < 1, and let Z ⊆
∑p
i=1 Si be a union of m curves. Let I be the total
number of points of intersection of each three of the divisors S1, . . . , Sp.
Then there exists a constant N = N(m, p, a1, . . . , ap, I) such that the number of
geometric valuations E on X with cX(E) ⊆ Z and a(E,X,∆) < 1 is bounded by
N . Furthermore, the number of smooth blow-ups needed to realise the valuations is
bounded by N .
Proof. After possibly replacing X by a smaller open subset, we may assume that
Si ∩ Sj ⊆ Z for any distinct i, j ∈ {1, . . . , p}. Since (X,∆) is log smooth, by first
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blowing up intersections of triples of components Si, and then intersections of each
two of them, we obtain a composition of M =M(m, p, I) blowups f : Y −→ X such
that we may write
KY + Γ = f
∗(KX +∆) + EY ,
where Γ and EY are effective R-divisors with no common components, (Y,Γ) is
log smooth, EY is f -exceptional and the components of Γ are pairwise disjoint. In
particular, there are at most C prime divisors E on Y such that a(E,X,∆) < 1.
Also, note that by discrepancy formulas, the discrepancies a(E,X,∆) which lie in
the interval (0, 1) are of the form 2 − ai − aj − ak or 1 − ai − aj for some pairwise
different i, j, k.
It remains to count valuations which are exceptional over Y . Let g : W −→ X be
a log resolution which dominates Y , and let W ′ −→ W be a blowup along a smooth
centre with exceptional divisor F . Then it is easy to see that if a(F,X,∆) < 1, then
cW (F ) is the intersection of the proper transform of some Si and some prime divisor
G on Y with 0 < a(G,X,∆) < 1.
For each curve C ⊆ Z, if f−1 is an isomorphism at the generic point of C, let
C ′ ⊆ Y be the unique curve isomorphic to C at the generic point of C ′; otherwise,
let C ′ be the union of curves on Y which map onto C, and which are of the form
f−1∗ Si ∩ F for some prime divisor F ⊆ Y with 0 < a(F,X,∆) < 1. Hence, there
are at most m + mM such curves, let Z ′ be their union, and by shrinking X we
may assume that all the curves in Z ′ are smooth. Then, similarly as in [AHK07,
Example 1.4], there are at most N ′ = N ′(m,M, a1, . . . , ap) valuations over Y with
discrepancy smaller than 1 and whose centres lie in Z ′. Now set N = N ′ +m. 
Let (X,∆) be a klt pair. A birational contraction f : X 99K Y is a log terminal
model for (X,∆) if f is (KX +∆)-negative, Y is Q-factorial and KY + f∗∆ is nef.
If KY + f∗∆ is semiample, then it defines a fibration g : Y −→ Z, and the induced
map X 99K Z is the ample model of (X,∆). A log terminal model of (X, 0) is called
a minimal model of X .
The following result is well known, see for instance [CZ12, Lemma 2.13]:
Lemma 2.4. Let (X,∆) be a log smooth log canonical surface pair such that KX+∆
is pseudoeffective, and let f : X −→ Y be the log terminal model of (X,∆).
Then there exist birational morphisms g : X −→ Z and h : Z −→ Y such that
f = h ◦ g and such that
(i) g is a composite of contractions of (−1)-curves, and
(ii) h contracts only curves contained in the support of g∗∆.
Throughout the paper, under the Minimal Model Program in dimension n we as-
sume that each log canonical pair (X,∆) of dimension n withKX+∆ pseudoeffective
admits a log terminal model and the ample model.
Let (X,∆) be a klt pair of dimension n, and let f : X 99K Y be a log terminal
model of (X,∆). If the Minimal Model Program holds in dimension n, then the
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prime divisors contracted by f are precisely those that are contained in B(KX+∆).
The following lemma, which will be extensively used in Section 4, establishes a
similar link between ample models and the augmented base loci.
Lemma 2.5. Let X be a smooth projective threefold and let D be a big Q-divisor
on X. Let f : X 99K Y be the ample model of D.
Then B+(D) coincides with the exceptional locus of f .
Proof. The result follows immediately from [BCL13, Theorem A]. 
In special circumstances, the restriction of an MMP for a pair (X,∆) to a prime
divisor S on X induces an MMP on S. The following lemma is just a minor refor-
mulation of [BCHM10, Lemma 4.1], and follows from the proof of that result.
Lemma 2.6. Let (X,S + B) be a log smooth pair, where S is a prime divisor and
⌊B⌋ = 0, and let ϕ : X 99K X ′ be a weak log canonical model of KX+S+B. Assume
that ϕ does not contract S, let S ′ = ϕ∗S and B
′ = ϕ∗B, and let σ : S 99K S
′ be the
induced birational map. Define a divisor Ψ on S ′ by (KX′ + S
′ +B′)|S′ = KS′ +Ψ.
If (S,B|S) is terminal, then there is a divisor Ξ ≤ B|S such that σ∗Ξ = Ψ and σ
is a weak log canonical model of KS + Ξ.
The next lemma, combined with Lemma 2.6, shows that under certain assump-
tions, the restriction of the ample model is again the ample model on the restriction.
Lemma 2.7. Let (X,S+B) be a plt pair, where S is a prime divisor and ⌊B⌋ = 0.
Assume that D = KX+S+B is semiample, and let f : X −→ Y be the corresponding
fibration. Assume that f(S) 6= Y and let g = f |S.
Then g is the semiample fibration associated to D|S.
Proof. Fix a sufficiently divisible positive integerm such that f is the map associated
to the linear system |mD|, and let A be an ample Q-divisor on Y such thatD = f ∗A.
Then g is the map associated to the linear system |mD|S, and it is enough to show
that |mD|S = |mD|S|. From a long exact sequence in cohomology, this in turn is
equivalent to showing that the map
H1(X,mD − S) −→ H1(X,mD)
is injective. Since mD − S = KX + B + (m − 1)f
∗A, this follows from [Kol95,
(10.19.3)]. 
Remark 2.8. The assumption f(S) 6= Y in Lemma 2.7 is necessary. Indeed, let Y
be a curve of genus ≥ 2. Let E be a sufficiently ample vector bundle of rank 2 on Y ,
set X = P(E), and let f : X −→ Y be the projection map. Then, by assumption,
the line bundle ξ = c1(O(1)) is very ample, and let S ∈ |2ξ| be a general section.
If G = c1(E), then KX + S = f
∗(KY + G), and since KY + G is ample, f is the
semiample fibration associated to KX + S. However, the general fibre of f meets S
in two points, thus f |S does not have connected fibres.
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2.2. Convex geometry. Let C ⊆ Rp be a convex set. A subset F ⊆ C is a face of
C if F is convex, and whenever tu + (1 − t)v ∈ F for some u, v ∈ C and 0 < t < 1,
then u, v ∈ F . Note that C is itself a face of C. We say that x ∈ C is an extreme
point of C if {x} is a face of C.
A polytope in Rp is a compact set which is the intersection of finitely many half
spaces. A polytope is rational if it is an intersection of finitely many rational half
spaces. A rational polyhedral cone in Rp is a convex cone spanned by finitely many
rational vectors.
Lemma 2.9. Let C ⊆ Rp be a rational polytope which is defined by half-spaces
{
(x1, . . . , xp) ∈ R
p |
∑p
j=1
αijxj ≥ βi
}
for i = 1, . . . , ℓ, where αij and βi are integers. Let M be a positive integer such that
αij ≥ −M and |βi| < M
for all i, j. Pick a positive real number ε < 1.
Then there exists a positive integer m which depends only on M , p and ε (but
not on C), such that for every extreme point v of C which is contained in [ε, 1]p, the
point mv is integral.
Proof. Since v = (v1, . . . , vp) is an extreme point of C, after relabelling we may
assume that
∑p
j=1 αijvj = βi for i = 1, . . . , p. Denoting by A the (p × p)-matrix
(αij), we may additionally assume that the rows of A are linearly independent over
R. In particular, detA 6= 0 and Cramer’s rule implies that detA · v is integral. By
assumption, we have
∑
αij<0
αij + ε
∑
αij>0
αij ≤
p∑
j=1
αijvj = βi < M,
and since αij ≥ −M , we have
|αij| <
Mp
ε
for all i, j = 1, . . . , p.
Therefore, detA is bounded by a constant m0 which depends on M , p and ε, and
the claim follows by taking m = m0!. 
Definition 2.10. Let P1,P2 ⊆ Rp be polytopes of dimension p. We say that Pi are
adjacent if P1 ∩ P2 is a codimension one face of both P1 and P2.
Let P =
⋃k
i=1Pi be a (not necessarily convex) finite union of polytopes. We say
that Pi and Pj are adjacent-connected if there exist indices i1, . . . , iq such that i1 = i,
iq = j, and Pis and Pis+1 are adjacent for every s = 1, . . . , q − 1. The equivalence
classes of this relation are called adjacent-connected components. If the whole P
belongs to one such component, we say that P is also adjacent-connected. A face
of P is a face of any Pi which is not contained in the interior of P.
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Lemma 2.11. Let Q ⊆ [0, 1]p ⊆ Rp be a polytope containing the origin, and let
C1, . . . , Cℓ be p-dimensional polytopes with pairwise disjoint interiors such that Q =⋃ℓ
i=1 Ci. Let P1, . . . ,Pk ⊆ Q be p-dimensional polytopes such that
(2) (Pi + R
p
+) ∩Q ⊆ Pi
for all i. For any subset I ⊆ {1, . . . , k}, denote byRI the closure of
⋃
i∈I Pi\
⋃
j 6∈I Pj,
and let R0 denote the closure of Q \
⋃k
i=1Pi. Assume that each adjacent-connected
component of every RI and of R0 with respect to the covering Q =
⋃ℓ
i=1 Ci is the
union of at most m polytopes Ci.
Then there exists a constant M =M(k,m) such that ℓ ≤M .
Proof. If x = (x1, . . . , xp) ∈ R0 and y = (y1, . . . , yp) ∈ Q are such that yi ≤ xi for
all i = 1, . . . , p, then y ∈ R0 by (2). Therefore, the set R0 is adjacent-connected,
and hence it contains at most m polytopes Ci.
For any d = 1, . . . , p, let Jd be the set of codimension d faces of R0 which are
not contained in the boundary of Q. Since the polytopes Ci and Pj are convex, and
R0 contains at most m polytopes Ci, it follows that each Pj contains at most m
elements of J1, and hence #J1 ≤ mk. Now, if d > 1, each element of Jd−1 contains
at most #Jd−1 elements of Jd, and therefore #Jd ≤ (#Jd−1)
2. This shows that
#Jd ≤ (mk)
2d−1 .
Since ⋃
i∈I Pi
∖⋃
j 6∈I Pj =
⋃
i∈I
(
Pi
∖⋃
j 6∈I Pj
)
,
it is enough to bound the number of adjacent-connected components of each set
Pi\
⋃
j 6∈I Pj. The statement is trivial for k = 1, hence by induction we may assume
that I = {1, . . . , k} and, without loss of generality, that i = 1. For any element
F ∈ J1, set F1 = F ∩P1 and by (2) we have that F1 := (F1+R
p
+)∩Q ⊆ P1. Thus,
it is easy to see that
P1
∖⋃k
j=2Pj =
⋃
F∈J1
(
F1
∖⋃k
j=2Pj
)
,
hence it is enough to bound the number of adjacent-connected components con-
tained in F1\
⋃k
j=2Pj . Again by (2), it is enough to bound the number of adjacent-
connected components of F1\
⋃k
j=2Pj , with respect to the induced topology on F1.
Note that every codimension d − 1 face of an adjacent-connected component of
F1\
⋃k
j=2Pj is an element of Jd. Hence, the number of such adjacent-connected
components is bounded by a constant which depends only on all #Jd, and the
lemma follows. 
2.3. Shokurov’s geography of models and adjoint rings.
Definition 2.12. Let (X,
∑p
i=1 Si) be a log smooth projective pair, where S1, . . . , Sp
are distinct prime divisors, and let V =
∑p
i=1RSi ⊆ DivR(X). Let 0 < ε < 1/2. We
9
denote
L(V ) =
{∑p
i=1 aiSi ∈ V | ai ∈ [0, 1]
}
, E(V ) = {∆ ∈ L(V ) | KX +∆ ∼R D ≥ 0},
and
Lε(V ) =
{ p∑
i=1
aiSi ∈ V | ai ∈ [ε, 1− ε]
}
,
Lcanε (V ) = {∆ ∈ Lε(V ) | (X,∆) is canonical}.
The sets L(V ), Lε(V ) and L
can
ε (V ) are clearly rational polytopes. Note that since
(X,
∑p
i=1 Si) is log smooth, if the dimension of L
can
ε is p and ∆ is contained in its
interior, then (X,∆) is terminal. Finally, given a birational contraction f : X 99K Y ,
let Cf(V ) denote the closure in L(V ) in the standard topology of the set
{∆ ∈ E(V ) | f is a log terminal model of (X,∆)}.
The following is [SC11, Theorem 3.4].
Theorem 2.13. Assume the MMP in dimension n. Let (X,
∑p
i=1 Si) be a log smooth
projective pair, where S1, . . . , Sp are distinct prime divisors, and let V =
∑p
i=1RSi ⊆
DivR(X).
Then there exist birational contractions fi : X 99K Yi for i = 1, . . . , k, such that
Cf1(V ), . . . , Cfk(V ) are rational polytopes and
E(V ) =
k⋃
i=1
Cfi(V ).
In particular, E(V ) is a rational polytope.
Together with the relative version of the Cone conjecture [Kaw97], the relative
version of the previous theorem implies finiteness of minimal models up to isomor-
phism. The following theorem is folklore, but we include the proof for the benefit
of the reader. The proof below came out of discussions with C. Xu.
Theorem 2.14. Assume the MMP in dimension n and the relative Cone conjecture
in dimension n. Let X be a terminal projective variety of dimension n.
Then the number of minimal models of X is finite up to isomorphism.
Proof. Replacing X by a minimal model, we may assume that KX is semiample,
and let X −→ S be the canonical model. If Y is another minimal model of X
and A ⊆ Y is a very ample divisor over S, then the map ϕ : X 99K Y is an iso-
morphism in codimension 1, the divisor D = ϕ∗A ⊆ X is movable over S and
Y ≃ ProjS R(X/S,D). Let Π be a fundamental domain for the action of Bir(X/S)
on the cone Mov(X/S) ∩ Eff(X/S). Then there exists g ∈ Bir(X/S) such that
g∗D ∈ Π, and we have R(X/S,D) ≃ R(X/S, g∗D) since g is an isomorphism in
codimension 1. Replacing D by g∗D, we may assume that D ∈ Π.
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Let D1, . . . , Dr be effective divisors whose classes generate Π, let S1, . . . , Sk be all
the prime divisors in the support of
∑
Di, let V =
∑p
i=1RSi ⊆ DivR(X), and let
Π′ ⊆ V be the inverse image of Π under the natural map V −→ N1(X)R. Note that
D belongs to set Π′ ∩ R+L(V ) since the pair (X, εD) is klt for some 0 < ε ≪ 1.
Since KX is trivial over S, by [SC11, Theorem 3.4] and [KKL12, Theorem 4.2], there
are finitely many cones Ci ⊆ V and contractions fi : X 99K Zi for i = 1, . . . , k, such
that Π′ ∩ R+L(V ) =
⋃
Ci and if ∆ ∈ Ci ∩ L(V ), then fi is the ample model of
KX + ∆ over S. In particular, there exists a cone Ci which contains D, and hence
Y ≃ Zi. 
Some of the polytopes Cfi(V ) are of special importance in this paper.
Definition 2.15. Assume the MMP in dimension n. Let (X,
∑p
i=1 Si) be a log
smooth projective pair of dimension n, where S1, . . . , Sp are distinct prime divisors
and let V =
∑p
i=1RSi ⊆ DivR(X). Let f : X 99K Z be a birational contraction.
If Ci = Cfi(V ) ∩ L
can
ε (V ) a polytope of dimension p which intersects the interior of
Lcanε (V ), then Ci is called a terminal chamber in V .
We recall the definition of adjoint rings from [CL12].
Definition 2.16. If X is a smooth projective variety and D1, . . . , Dk are Q-divisors
on X , then we define
R = R(X ;D1, . . . , Dk) =
⊕
(m1,...,mk)∈Nk
H0
(
X,OX(⌊
∑
miDi⌋)
)
.
The ring R is generated in degree m if for every generator σ of R there exist
a1, . . . , ak ∈ {0, . . . , m} such that σ ∈ H
0(X,OX(
∑k
i=1 aiDi)).
Furthermore, if S ⊆ DivQ(X) is a finitely generated monoid, then we define
R(X,S) =
∑
D∈S
H0(X,OX(⌊D⌋)).
If P ⊆ DivR(X) is a rational polyhedral cone, then S = P ∩ Div(X) is a finitely
generated monoid and we can define the adjoint ring associated to P as R(X,S). If
divisors D1, . . . , Dk generate S, there is the natural projection R(X ;D1, . . . , Dk) −→
R(X,S), and we say that R(X,S) is generated in degree m if R(X ;D1, . . . , Dk) is.
The following conjecture seems to be folklore.
Conjecture 2.17. Let (X,∆) be a projective klt pair of dimension n with KX +∆
nef, and let k be a positive integer such that k(KX +∆) is Cartier.
Then there exists a positive integer m = m(n, k) such that the linear system
|m(KX +∆)| is basepoint free.
We spend a few words on this conjecture. It holds on surfaces by [CZ12, Lemma
2.6]. In general, the conjecture is clearly a post-Abundance problem. One of the
main difficulties is when κ(X,KX +∆) = 0. If KX +∆ is big, then it follows from
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Kolla´r’s effective basepoint free theorem [Kol93] and if KX + ∆ is of intermediate
Kodaira dimension, then the conjecture is related to [PS09, Conjecture 7.13].
Proposition 2.18. Assume the MMP in dimension n and Conjecture 2.17 in di-
mension n. Let (X,
∑p
i=1 Si) be a log smooth projective pair, where S1, . . . , Sp are
distinct prime divisors, and let V =
∑p
i=1RSi ⊆ DivR(X). Let B1, . . . , Bm ∈ E(V ),
and denote by C the rational polytope spanned by all Bi. Let fi : X 99K Zi be bi-
rational contractions as in Theorem 2.13, and denote Ci = C ∩ Cfi(V ). Let ℓ be a
positive integer such that if B is an extreme point of some Cj, then ℓB is integral.
Then there is a constant M =M(n, p, ℓ) such that the ring
R = R
(
X ;M(KX +B1), . . . ,M(KX +Bm)
)
is generated in degree n+ 2.
Proof. Denote Di = ℓ(KX + Bi) and M =
∑p
i=1 ZDi, and for each positive integer
N denote M(N) =
∑p
i=1 ZNDi. We first claim that there exist a constant M
′ =
M ′(p, ℓ) and generators ofM∩R+(KX+Ci) for all i which are of the formM ′(KX+
B) for some B ∈ L(V ). Indeed, there is an obvious isomorphism V ≃ Rp which
sends L(V ) to the unit hypercube [0, 1]p. By assumption, each cone Ci is spanned
by some Bij , and each Bij corresponds to a point in (
1
ℓ
Z∩ [0, 1])p. Hence, there are
finitely many choices for these generators, and the claim follows.
Therefore, by Conjecture 2.17 there exists a positive integer M =M(n,M ′) such
that for every i and j, the divisor M(fi)∗(KX +Bij) is basepoint free. In particular,
each of the rings
R(X, Ci ∩M
(M/ℓ)) ≃ R(Zi, (fi)∗(Ci ∩M
(M/ℓ)))
is generated in degree n + 2 by [CZ12, Proposition 2.11]. But then it is clear that
the ring R is generated in degree n+ 2. 
3. Effective finite generation for adjoint rings on surfaces
In this section we prove an effective version of the finite generation of adjoint
rings on surfaces, cf. Definition 2.16, and we give a positive answer to Question 1.3
in dimension 2.
Theorem 3.1. Let (X,
∑p
i=1 Si) be a log smooth projective surface pair, where
S1, . . . , Sp are distinct prime divisors. Let B1, . . . , Bℓ be Q-divisors on X such that
SuppBi =
∑p
i=1 Si and ⌊Bi⌋ = 0 for every i, and let k be a positive integer such
that all kBi are Cartier.
Then there exists a positive integer m = m(p, k) such that the ring
R(X ;m(KX +B1), . . . , m(KX +Bℓ))
is generated in degree 4.
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Proof. Let V =
∑p
i=1RSi ⊆ DivR(X). By Theorem 2.13, for i = 1, . . . , q there exist
contraction maps fi : X −→ Zi such that E(V ) =
⋃q
i=1 Cfi(V ). Let C ⊆ L(V ) be the
rational polytope spanned by B1, . . . , Bℓ and denote
Ci = Cfi(V ) ∩ C.
Let C1, . . . , Ct be the extreme points of all such Ci. Then by Proposition 2.18 and
by [CZ12, Lemma 2.6], it is enough to show that there exists a constant d = d(p, k)
such that all divisors dCi are Cartier. After possibly adding more divisors B ∈ V
such that ⌊B⌋ = 0, SuppB =
∑p
i=1 Si and kB is Cartier, we may assume that
B1, . . . , Bℓ span V , and that all Ci are rational polytopes of dimension p.
Fix an index 1 ≤ i0 ≤ t. If the point Ci0 is an extreme point of C, then kCi0 is
Cartier by assumption. Otherwise, if F is a codimension one face of Ci for some i
containing Ci0 , then F is either a subset of a codimension one face of E(V ), or F
intersects the interior of C ∩ E(V ). We claim that, for any such face F , there exist
1 ≤ k0 ≤ q and a rational curve ξ on Zk0 such that, setting f = fk0 and Z = Zk0,
we have f∗Si · ξ 6= 0 for some i, and that for all ∆ ∈ F ,
(3) (KZ + f∗∆) · ξ = 0 and KZ · ξ ≥ −2.
Assuming the claim, let us show how it implies the theorem. Denote
β = −KZ · ξ and αj = f∗Sj · ξ for j = 1, . . . , p.
Let B ∈ Ck0 be a divisor such that f is a log terminal model of (X,B). By assump-
tion, the coefficients of kBi are integers smaller than k for all i = 1, . . . , ℓ, hence
multSi B ≤ 1− 1/k for all i. If Si is f -exceptional for some 1 ≤ i ≤ p, then we have
a(Si, Z, 0) ≥ a(Si, Z, f∗B) ≥ a(Si, X,B) = −1 +
1
k
.
Thus, [CZ12, Proposition 2.14] together with Lemma 2.4 implies that there is a
positive integer r bounded by a constant which depends only on k and p such that
all rαj and rβ are integers.
The hyperplane
Π = {∆ =
∑p
j=1 djSj ∈ V |
∑p
j=1 αjdj = β} ⊆ V
contains the face F by (3). By Lemma 2.9, it is enough to bound all αj from below
and |β| from above by a constant depending only on k.
Assume first that αj ≥ 0 for all j. Then f∗∆ · ξ > 0 for all ∆ ∈ F by the claim
and since all ∆ have the same support, and hence 0 < β = −KZ · ξ ≤ 2.
Now assume that αj0 < 0 for some j0. Then ξ = f∗Sj0 and ξ
2 < 0, and αj ≥ 0 for
j 6= j0. Fix ∆ ∈ F , and denote γ = multξ f∗∆. Then 0 < γ ≤ 1− 1/k and
(4) −β + γξ2 = (KZ + γξ) · ξ ≤ (KZ + f∗∆) · ξ = 0
by (3), while
(5) −β + ξ2 = (KZ + ξ) · ξ ≥ −2
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by adjunction. In particular, (4) and (5) imply (1− γ)ξ2 ≥ −2. Thus,
(6) αj0 = ξ
2 ≥ −
2
1− γ
≥ −2k and β ≤ 2 + ξ2 < 2,
and by (4) and (6) we have
β ≥ γξ2 ≥ ξ2 ≥ −2k,
which gives the desired bounds.
It remains to show the claim stated above. If F is a face of E(V ), then we set
k0 = i. Note that KZi + (fi)∗F belongs to the boundary of the nef cone of Zi, and
hence, it defines a morphism with connected fibres which contracts a rational curve
ξ and such that (KZi + (fi)∗∆
′) · ξ > 0 for any ∆′ in the interior of Ci. In particular
ξ satisfies (3) and (fi)∗Si · ξ 6= 0 for some i = 1, . . . , p.
If F is also a face of Cfj (W ) for some j 6= i, then KZi + (fi)∗∆ and KZj + (fj)∗∆
are nef for all ∆ ∈ FW . Let Zij be the ample model of (X,∆) for some ∆ in
the interior of FW . Then by [HM13, Theorem 3.3] or [KKL12, Theorem 4.2] there
exist birational contractions gi : Zi −→ Zij and gj : Zj −→ Zij which are not both
isomorphisms since Zi and Zj are not isomorphic. Without loss of generality, we
may assume that gi is not an isomorphism and we set k0 = i. Since KZi + (fi)∗F
belongs to the boundary of the nef cone of Zi, the map gi contracts a rational curve
ξ, and we conclude as above. 
Theorem 3.1 immediately implies the following:
Corollary 3.2. Let (X,
∑p
i=1 Si) be a log smooth projective surface pair, where
S1, . . . , Sp are distinct prime divisors, and let V =
∑p
i=1RSi ⊆ DivR(X). Let
0 < ε < 1 be a rational number, and let B1, . . . , Bℓ be the vertices of Lε(V ).
Then there exists a positive integer m = m(p, ε) such that the ring
R(X ;m(KX +B1), . . . , m(KX +Bℓ))
is generated in degree 4.
Example 3.3. The following example shows that the requirement in Theorem 3.1
that the divisors Bi have the same support is necessary. Let m and d be positive
integers with m even. We claim that there exists a smooth surface X and a smooth
prime divisor S on X such that the ring
R = R
(
X ;mKX , m
(
KX +
1
2
S
))
is not generated in degree d. Indeed, let Y be a smooth surface with KY ample,
and let f : X −→ Y be the blowup of Y at a point with exceptional divisor E ⊆ X .
Let S ⊆ X be a smooth divisor such that s = S · E > 2d+ 2. It is easy to see that
E * B(KX + tS) for any 1s ≤ t ≤
1
2
, and E ⊆ B(KX + tS) for 0 ≤ t <
1
s
. Then
there is a generator of R in the vector space H0(X, q(KX+
1
s
S)) for some sufficiently
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divisible positive integer q: otherwise, every element of H0(X, q(KX +
1
s
S)) would
vanish at E. Now, if ℓ and p are positive integers such that
q
(
KX +
1
s
S
)
= ℓmKX + pm
(
KX +
1
2
S
)
,
by intersecting with E we get ℓ = p( s
2
− 1) > d, which proves the claim.
Example 3.4. The following example shows that the requirement in Theorem 3.1
that ⌊Bi⌋ = 0 is also necessary. Let m and d be positive integers with m even, and
let s ≥ 4d + 4 be a positive integer. Let X be the Hirzebruch surface Fs, let E be
the smooth rational curve in X with E2 = −s and let f : X −→ Y be the morphism
which contracts E. Then f ∗KY = KX +(1−
2
s
)E. Let A be a smooth ample divisor
on Y not passing through f(E) such that KY +
1
2
A is ample and KX +
1
2
f ∗A+ tE
is nef for 1
2
≤ t ≤ 1− 2
s
. The pair (X, f ∗A+E) is log smooth, and consider the ring
R = R
(
X ;m
(
KX +
1
2
f ∗A +
1
2
E
)
, m
(
KX +
1
2
f ∗A+ E
))
.
Then E * B(KX + 12f
∗A+ tE) for 1
2
≤ t ≤ 1− 2
s
, and E ⊆ B(KX +
1
2
f ∗A+ tE) for
1− 2
s
< t ≤ 1. We conclude that R is not generated in degree d as in the previous
example.
By using the same methods as in the proof of Theorem 3.1, we can easily get the
following:
Theorem 3.5. Let p be a positive integer and let 0 < ε < 1 be a rational number.
Then there exists a constant N = N(p, ε) such that if (X,
∑p
i=1 Si) is a log smooth
projective surface pair, then the number of log terminal models of (X,B) with B ∈
E(V ) ∩ Lε(V ), where V =
∑p
i=1RSi ⊆ DivR(X), is bounded by N .
Proof. Let B1, . . . , B2p be the vertices of Lε/2(V ). If k is the denominator of ε/2,
then kBi is Cartier for all i. By Theorem 2.13, for i = 1, . . . , q there exist contraction
maps fi : X −→ Zi such that E(V ) =
⋃q
i=1 Cfi(V ), and denote
Ci = Cfi(V ) ∩ C.
Let C1, . . . , Ct be the extreme points of all such Ci. Then by the proof of Theorem
3.1, there exists a constant d = d(p, k) such that all divisors dCi are Cartier. There
is an obvious isomorphism V ≃ Rp which sends L(V ) to the unit hypercube [0, 1]p,
and each Ci corresponds to a point in (
1
d
Z ∩ [0, 1])p. Hence, there are finitely many
choices for these generators, and the theorem follows. 
If we consider non-rational surfaces, the result can be strengthened as in Theorem
3.7 below. First we give a topological bound on the number of (−1)-curves on such
surfaces.
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Lemma 3.6. Let X be a smooth projective surface which is not rational.
Then there exists a constant A = A(c1(X)
2, c2(X)) such that the number of (−1)-
curves on X is bounded by A.
Proof. We first assume that X is not uniruled, and let f : X −→ Y be the minimal
model of X . Then, since X and Y are smooth, we have KX = f
∗KY + E, where
E ≥ 0 contains the whole exceptional locus. If C is a (−1)-curve onX , then E·C < 0
since KY is nef, hence C is a component of E. In particular, the number of (−1)-
curves on X is bounded by ρ(X/Y ) = c1(Y )
2 − c1(X)
2. From Noether’s formula
and since Y is not uniruled, we have c1(Y )
2− c1(X)
2 = c2(X)− c2(Y ) ≤ c2(X). Set
A1 = c2(X).
Assume now that X is uniruled. Then, since X is not rational, there exists a
birational morphism f : X −→ Y to a relatively minimal ruled surface Y −→ C
over a projective curve of genus g > 0. Note that
g = h1(X,OX) = 1−
c1(X)
2 + c2(X)
12
by Noether’s formula, and hence
c1(Y )
2 = 8(1− g) =
2
(
c1(X)
2 + c2(X)
)
3
.
By the uniqueness of minimal models on surfaces, the map f factors through any
Castelnuovo contractions of a (−1)-curve on X , hence all (−1)-curves on X are
contracted by f . If h : X −→ C is the induced map, then all the rational curves on
X are contained in the reducible fibres of h, since the fibres of the map Y −→ C
are smooth. Hence we need to bound
N =
∑
c∈C
#
{
irreducible components of f−1(c)
}
.
We have
A2 : =
∑
c∈C
(
#
{
irreducible components of f−1(c)
}
− 1
)
= ρ(X/Y ) = c1(Y )
2 − c1(X)
2 =
2c2(X)− c1(X)
2
3
,
and since N ≤ 2A2, we set A = max{A1, 2A2}. 
Theorem 3.7. For any set of integers p, k, C1 and C2, there exists a constant M =
M(C1, C2, p, k) such that if
(i) X is a smooth non-rational projective surface with C1 = c1(X)
2 and C2 =
c2(X),
(ii) S1, . . . , Sp are distinct prime divisors on X,
then the number of log terminal models of (X,B) with B ∈ E(V ), where V =∑p
i=1RSi ⊆ DivR(X), is bounded by M .
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Proof. If f : X −→ Y is the log terminal model of (X,B) for some B ∈ E(V ), then
it is uniquely determined by its exceptional divisors. By Lemma 3.6, there exists a
constant M ′ = M ′(C1, C2) such that the number of (−1)-curves on X is bounded
by M ′. Hence, setting M = 2p+M
′
, the result follows by Lemma 2.4. 
4. Minimal models of threefolds
Lemma 4.1. Let (X,S =
∑p
i=1 Si) be a log smooth projective threefold, where
S1, . . . , Sp are distinct prime divisors, and assume that 0 < ε ≤ 1/2 is a ra-
tional number such that (X, εS) is terminal and KX + εS is big. Assume that
Si * B+(KX + εS) for every i. Let I be the total number of irreducible components
of intersections of each two of the divisors S1, . . . , Sp.
Then for any i, the number of curves contained in
B+(KX + εS) ∩ Si
is bounded by a constant which depends on ρ(X), ρ(Si), ε and I.
Proof. Fix an index i. Then there exists a sequence of (KX+εS)-flips and divisorial
contractions
(7) f : X = X0 99K . . . 99K Xk −→ Xk+1
such thatXk is a log terminal model of (X, εS) andXk+1 is the ample model (X, εS).
Since Si * B+(KX + εS), the divisor Si is not contracted by this MMP by Lemma
2.5. Let Sjℓ and S
j
ℓ denote the proper transform of Sℓ in X
j and its normalisation
for every ℓ = 1, . . . , p, and set Sj =
∑p
ℓ=1 S
j
ℓ . Thus, there are induced sequences
g : Si = S
0
i 99K S
1
i 99K . . . 99K S
k
i 99K S
k+1
i
and
g : Si = S
0
i 99K S
1
i 99K . . . 99K S
k
i 99K S
k+1
i .
By Lemma 2.5, if C is a curve contained in B+(KX + εS) ∩ Si, then C ⊆ Exc(f).
We first assume that g is an isomorphism at the generic point of C. Then there
exists an f -exceptional prime divisor E ⊆ X containing C such that f(C) = f(E) ⊆
Xk+1; otherwise, the exceptional set of f would be 1-dimensional in a neighbourhood
of C, hence g would not be an isomorphism at the generic point of C. By Lemma
2.2 and 2.1, we have
0 ≤ a(E,Xk+1, εSk+1) ≤ ρ(X)− εmultE S
k+1 ≤ ρ(X)− εmultf(E) S
k+1,
and in particular
multf(E) S
k+1
i < ρ(X)/ε.
Therefore, for each f -exceptional divisor E, there are at most ρ(X)/ε curves in
E ∩Si which map to f(E). Since there are at most ρ(X/X
k+1) such divisors E, the
number of curves C ⊆ B+(KX + εS) ∩ Si which are not contracted by g is at most
ρ(X)2/ε.
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It remains to count the curves C ⊆ B+(KX + εS) ∩ Si such that g is not an
isomorphism at the generic point of C, and it suffices to count the curves contracted
by each of the maps gj : S
j
i 99K S
j+1
i . Let gj : S
j
i 99K S
j+1
i be the induced maps
of normalisations, and let Nj is the number of curves extracted by gj . First note
that for each curve contracted by gj there exists at least one curve contracted by gj .
Thus, there are at most ρ(S
j
i )− ρ(S
j+1
i ) +Nj curves contracted by gj, and we need
to bound the number ρ(Si) +
∑k
j=0Nj.
If Nj 6= 0, then X
j
99K Xj+1 must be a flip (hence necessarily j < k), and
furthermore, Nj is the number of flipped curves contained in S
j+1
i . For each such a
curve Γ, let EΓ be the exceptional divisor obtained by blowing up Γ which dominates
Γ. Then, by Lemma 2.2, Xj+1 is terminal and therefore it is smooth at the generic
point of Γ by [KM98, Corollary 5.39]. Thus,
(8) 0 ≤ a(EΓ, X, εS) < a(EΓ, X
j+1, εSj+1) = 1− εmultΓ S
j+1 ≤ 1− ε,
where the last inequality follows from multΓ S
j+1
i ≥ 1.
Let V be the set of all valuations which are either f -exceptional prime divisors on
X , or obtained as the exceptional divisor on the blow-up of a curve in Sℓ ∩ Si for
each ℓ 6= i; then it is clear that #V ≤ ρ(X) + I. Viewing each EΓ as a valuation,
we first claim that EΓ ∈ V for all Γ. Indeed, assume that the centre of EΓ on X is
a point x ∈ X . If EΓ is obtained by blowing up x, then as (X,S) is log smooth, we
have
a(EΓ, X, εS) = 2− εmultx S ≥ 2− 3ε ≥ 1− ε,
which is a contradiction with (8). The case when EΓ is obtained by blowing up
a point on a birational model of X also follows since the discrepancies increase
by blowing up, as (X, εS) is terminal. Therefore, the centre of EΓ on X is either a
divisor or a curve, and then the rest of the claim follows by analogous computations.
In particular, we have Nj ≤ #V ≤ ρ(X) + I for each j.
Next we want to estimate how many times it happens that Nj 6= 0. In other
words, we want to find an upper bound on the number of varieties Xj+1 on which a
valuation in V is realised as the exceptional divisor of a blow-up of a flipped curve
on Xj+1. Fix E ∈ V, and consider the number
M j+1E = multE S
j+1 ∈ N.
If E is realised as the exceptional divisor on the blow-up of a flipped curve on Xj+1,
then
0 ≤ a(E,Xj+1, εSj+1) = 1− εM j+1E ,
and hence M j+1E ≤ 1/ε for all j. Since at each step of (7) the discrepancies are
increasing, the sequence M j+1E is decreasing. Therefore, each E ∈ V is realised as
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an exceptional divisor on the blow-up of a flipped curve at most 1/ε times, hence
k∑
j=0
Nj ≤
ρ(X) + I
ε
.
Putting all this together, we get that the number of curves contained in B+(KX +
εS) ∩ Si is at most
ρ(Si) +
ρ(X)2 + ρ(X) + I
ε
,
which proves the lemma. 
Lemma 4.2. Let (X,S =
∑p
i=1 Si) be a log smooth projective threefold, where
S1, . . . Sp are distinct prime divisors, and let V =
∑p
i=1R+Si ⊆ DivR(X). As-
sume that Sj * B+(KX +B) for all B ∈ L(V ) such that KX +B is big and for all
j. Let I be the total number of irreducible components of intersections of each two
of the divisors S1, . . . , Sp.
Then for any j, and for every rational number ε > 0 such that (X, εS) is terminal
and KX + εS is big, the number of curves contained in
⋃
B∈Lε(V )
B+(KX +B) ∩ Sj
is bounded by a constant which depends on ρ(X), ρ(Sj), p, ε and I.
Proof. By Lemma 4.1 there exists a constant M = M(ε, I, ρ(X), ρ(Sj)) such that
the number of curves in B+(KX + εS) ∩ Sj is bounded by M .
Without loss of generality, we may assume that ε < 1/2. Let
L′(V ) = {B =
∑
aiSi | ai ∈ [ε, 1]},
and let B1, . . . , B2p be the extreme points of L
′(V ). Since Lε(V ) ⊆ L
′(V ), it follows
that
⋃
B∈Lε(V )
B+(KX +B) ⊆
2p⋃
i=1
B+(KX +Bi).
Hence, it is enough to bound the number of curves in B+(KX + Bi) ∩ Sj for every
i = 1, . . . , 2p. Fix i, and note that multSj Bi ∈ {ε, 1}. We distinguish two cases.
If multSj Bi = 1, set T = ε
∑
k 6=j Sk + Sj . Then (KX + T )|Sj is terminal, and let
f : X 99K X ′ be the ample model of KX + T . By assumption and by Lemma 2.5, f
does not contract Sj and by Lemmas 2.6 and 2.7, the MMP for (X, T ) induces an
MMP for some terminal pair (Sj ,Θ). In particular, since Sj is a surface, this induced
MMP contracts at most ρ(Sj) curves. Further, if a curve C ⊆ B+(KX + T ) ∩ Sj is
not contracted by the MMP for (S,Θ), then similarly as in Lemma 4.1, the number
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of such curves C is bounded by 1
ε
ρ(X)(ρ(X)+1). Thus, the number of curves inside
B+(KX + T ) ∩ Sj is at most ρ(Sj) +
1
ε
ρ(X)(ρ(X) + 1). We have
B+(KX +Bi) ∩ Sj ⊆ (B+(KX + T ) ∪ Supp(Bi − T )) ∩ Sj ,
⊆
(
B+(KX + T ) ∪
⋃
k 6=j
Sk
)
∩ Sj,
and hence the number of curves inside B+(KX + Bi) ∩ Sj is at most ρ(Sj) +
1
ε
ρ(X)(ρ(X) + 1) + I.
Finally, if multSj Bi = ε, then, since Bi ≥ εS, we have
B+(KX +Bi) ∩ Sj ⊆
(
B+(KX + εS) ∪B+(Bi − εS)
)
∩ Sj
⊆
(
B+(KX + εS) ∪
⋃
k 6=j
Sk
)
∩ Sj .
Thus, the number of curves in B+(KX + Bi) ∩ Sj is bounded by M + I and the
result follows. 
Lemma 4.3. Let (X,
∑p
i=1 Si) be a 3-dimensional log smooth pair such that KX
is pseudoeffective, S1, . . . , Sp are distinct prime divisor, and let V =
∑p
i=1R+Si ⊆
DivR(X). Assume that Si * B(KX +B) for all B ∈ Lε(V ) and every i = 1, . . . , p.
Let F1, . . . , Fℓ be all the prime divisors contained in B(KX), and for every ν ⊆
{1, . . . , ℓ}, define
Bν = {B ∈ L
can
ε (V ) | Fi ⊆ B(KX +B) if and only if i ∈ ν}.
Let Ci be the terminal chambers in V (cf. Definition 2.15), for 1 ≤ i ≤ k. Assume
that each adjacent-connected component of every Bν with respect to the covering by
Ci is the union of at most m polytopes Ci.
Then there exists a constant M =M(ℓ,m) such that k ≤M .
Proof. By assumptions, for any B ∈ Lcanε (V ), any prime divisor in B(KX +B) must
be one of Fj , and for each 1 ≤ i ≤ ℓ denote
Pi = {B ∈ Lε(V ) | Fi * B(KX +B)}.
Then for any ν ( {1, . . . , ℓ}, the set Bν is the closure of
⋃
i/∈ν Pi\
⋃
j∈ν Pj, and
B{1,...,ℓ} is the closure of L
can
ε (V ) \
⋃ℓ
i=1Pi. It is clear that every Pi satisfies the
relation (2) on page 9, and we conclude by Lemma 2.11. 
Theorem 4.4. Let p and ρ be positive integers, and let ε be a positive rational
number. Let (X,
∑p
i=1 Si) be a 3-dimensional log smooth pair such that:
(i) KX is pseudoeffective;
(ii) S1, . . . , Sp are distinct prime divisor which are not contained in B(KX +B)
for all B ∈ L(V ),
(iii) the vector space V =
∑p
i=1RSi ⊆ DivR(X) spans DivR(X) up to numerical
equivalence,
(iv) ρ(X) ≤ ρ and ρ(Si) ≤ ρ for all i = 1, . . . , p.
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Let I be the total number of irreducible components of intersections of each two and
each three of the divisors S1, . . . , Sp.
Then there exists a constant N = N(p, ρ, ε, I) such that the number of terminal
chambers in V which intersect the interior of Lε(V ) is at most N .
Proof. Let (X,
∑p
i=1 Si) be a 3-dimensional log smooth pair satisfying the conditions
(i)–(iv). Note that KX + B is big for every B ∈ Lε(V ). Let C1, . . . , Cq be all the
curves contained in ⋃
B∈Lε(V )
B+(KX +B) ∩ S.
Then q is bounded by a constant depending on p, ρ, ε and I by Lemma 4.2.
By Lemma 2.3, there are finitely many geometric valuations E1, . . . , Em such that
cX(Ej) ⊆
⋃q
i=1Ci for all j and a(Ej , X,B) < 1 for some B ∈ Lε(V ), and m ≤ M =
M(q, ρ, ε, I).
Let F1, . . . , Fℓ be all the prime divisors in B(KX). Then by (ii), for every B ∈
Lε(V ) the divisorial part of B(KX+B) is contained in
∑
Fi. Let f = fB : X 99K XB
be a log terminal model of (X,B). For every ν ⊆ {1, . . . , ℓ}, let
Bν = {B ∈ Lε(V ) | Fi is contracted by fB if and only if i ∈ ν}.
Then by Lemma 4.3, it is enough to bound the number of terminal chambers which
intersect each adjacent-connected component of each Bν .
Hence, from now on we fix such ν and we assume, as we may, that each Bν
is adjacent-connected. We will show that the number of terminal chambers which
intersect Bν is bounded by a constant depending only on p, ρ and ε, which is enough
to conclude.
Set µ = ρ+M ; then µ depends only on p, ρ, ε and I by above. Let S be the set of
all p-tuples (m1, . . . , mp) ∈ Np such that mi < µ/ε for every i. Then #S < (µ/ε)p.
Let H be the set of all hyperplanes 〈Σ1 − Σ2,x〉 = r, where Σ1 6= Σ2 are elements
of S and −µ < r < µ is an integer. Then #H ≤ 2µ
(
(µ/ε)p
2
)
. The elements of
H subdivide Bν into at most 2
#H polytopes, and by replacing Bν by any of these
polytopes, we may assume that none of the elements of H intersects the interior
of Bν . It is now enough to show that there is exactly one terminal chamber whose
interior intersects Bν .
Assume that there are two adjacent terminal chambers C′ and C′′ whose interiors
intersect Bν . Let X
′ and X ′′ be the corresponding log terminal models, let B =∑p
i=1 biSi be a divisor in C
′′, and let B′ and S ′i, respectively B
′′ and S ′′i be the
proper transforms of B and Si on X
′ and X ′′. Note that X ′ and X ′′ are terminal by
Lemma 2.2. Denote b = (b1, . . . , bp) and let 〈 , 〉 denote the standard scalar product
on V . For each geometric valuation E on X , define
ΣE,C′ = (multE S
′
1, . . . ,multE S
′
p), ΣE,C′′ = (multE S
′′
1 , . . . ,multE S
′′
p ).
By the definition of Bν , and possibly by relabelling the chambers, we may assume
that the induced map X ′ 99K X ′′ is the flip of (X ′, B′). Note that X ′ is the ample
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model of (X,∆) for any ∆ in the interior of C′, and similarly for C′′. Let C ⊆ X ′′ be
a flipped curve, and let E be the valuation on X ′′ obtained by blowing up C which
dominates C. Since X ′′ is smooth at the generic point of C by [KM98, Corollary
5.39], we have
(9) 0 < a(E,X,B) < a(E,X ′′, B′′) = 1− 〈ΣE,C′′,b〉 ≤ 1.
It is easy to see from the discrepancy formulas that then cX(E) belongs to some of
the divisors S1, . . . , Sp since (X,B) is terminal and a(E,X,B) < 1. Moreover, if B
belongs to the interior of C′′, then X ′′ = ProjR(X,KX + B), and hence cX(E) ⊆
B+(KX +B) by Lemma 2.5. This shows that E is one of the valuations E1, . . . , Em.
Furthermore, by Lemma 2.1 we have
(10) 0 < a(E,X ′, B′) = µE,B − 〈ΣE,C′,b〉
for some integer 0 < µE,B < µ. Since bi ≥ ε for all i, we have 0 ≤ multE S
′
i < µ/ε
for all i, and in particular, ΣE,C′ ∈ S.
Now, if B ∈ C′ ∩ C′′, then by the Negativity lemma we have a(E,X ′, B′) =
a(E,X ′′, B′′). Together with (9), (10) and the fact that none of the elements H
intersects the interior of Bν , this implies that ΣE,C′ = ΣE,C′′ . On the other hand, if
B belongs to the interior of C′′, then the Negativity lemma again gives
a(E,X ′, B′) < a(E,X ′′, B′′),
and this together with (9) and (10) implies µE,B < 1, a contradiction. 
We are now ready to give proofs of our main results.
Proof of Theorem 1.1. The number of terminal chambers inside of the set
{
∑
aiSi | ai ∈ [ε/2, 1− ε/2]}
is bounded by a constant N = N(p, ρ, ε/2) by Theorem 4.4. We set C = N . 
Proof of Corollary 1.2. It is clear that the total number of irreducible components of
intersections of each two and each three of the components of ∆0 and ∆ is the same
under a homeomorphism which preserves the topological type of (X,∆0). Therefore,
the result follows immediately from Theorem 4.4. 
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